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Abstract Soil is composed of particles that are condensed and bonded under an overburden
pressure during burial. Obtaining the permeability coefficient of soil particles is an important
issue in geological, geotechnical and hydraulic engineering. The permeability coefficient has
been traditionally obtained by fitting data based on the particle size gradient and soil porosity.
However, it is difficult to measure soil porosity, sample at certain depths and maintain the
original pressure while sampling in the field and performing tests in the laboratory. The
complicated nature of the experimental method results in considerable uncertainty regarding
the accuracy of the permeability coefficient. In this paper, soil particles bonded by the force
of gravity are modeled, with different pressures at different depths. Permeable soils form at
certain depths, and themacroscopic permeability coefficient of the soil is obtained via seepage
calculations. A relationship between the upper pressure and the permeability coefficient is
established to remove the dependence on the porosity, which is an intermediate coupling
parameter between soil particles and seepage. The results show that themodeled permeability
coefficient is consistent with the results of previous models, and the permeability coefficient
decreases with increasing depth. Thus, the proposed model of soil particle penetration can
be directly used to calculate the permeability coefficient.

Keywords Permeability · Upper pressure · Particle soils

Many studies (Armstrong et al. 1991; Mathur and Levesque 1985; Naff and Vecchia 1987;
Rose et al. 1965; Youngs 1965, 1971) have observed the phenomenon of the permeability
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coefficient decreasing with increasing burial depth. For example, the effect of the overburden
weight on the water suction and hydraulic conductivity of soils was noted by Rose et al.
(1965). Saar andManga (2004) obtained the depth dependence of permeability in the Oregon
Cascades based on the effects of thermal, seismic, hydrogeologic and magmatic modeling
constraints. Sakata and Ikeda (2013) found that the decrease in permeability with depth was
obvious in a middle alluvial fan above a depth of 30 m.

The permeability coefficient has a considerable influence on many physical parameters,
such aswater stratification (Davis and Turk 1964), Soil moisture between the land surface and
the atmosphere (Brocca et al. 2009, 2013), mine water inflow (Zhang and Franklin 1993),
dam seepage (Youngs 1965) and the groundwater level (Armstrong et al. 1991; Youngs
1971). The permeability coefficient is affected bymany factors, such as different topographic
trends (Ma et al. 2016). Additionally, heterogeneities in the permeability coefficient are
associatedwith large and deep structural features (e.g., multiwatershed-scale and continental-
scale features) and other influences (Welch and Allen 2014), such as faults (Chaussard et al.
2014; Reitsma and Kueper 1994) and faulting (Figueiredo et al. 2015; Rabbani and Jamshidi
2014; Rutqvist 2015), shallow fractured rock aquifers (Earnest and Boutt 2014; Figueiredo
et al. 2015; Rabbani and Jamshidi 2014), lithology (Jayawardane and Blackwell 1991; Sakata
and Ikeda 2013), different depositional environments (Rosas et al. 2014), the particle size
distribution and bulk-density (Jabro 1992), different salt solutions (Jayawardane 1992), the
soil distribution (Zhao et al. 2010), the terrain slope (Meyerhoff andMaxwell 2011;Min et al.
2013), the inhomogeneity of sedimentary structures (Bakshevskaya and Pozdnyakov 2013),
and seasonal patterns (Rienzner and Gandolfi 2014) and directions (vertical and horizontal)
(Dong et al. 2012; Min et al. 2013). As depth increases, the pressure from the above stratum
gradually increases. These changes lead to porosity changes. Therefore, the permeability
coefficient decreases with increasing depth, while the pressure increases with depth.

Under external pressure, the porosity andpermeability of soils decrease.As theburial depth
increases, the pressure gradually increases, whereas the permeability coefficient decreases.
In the process of soil formation, the upper soil layer is gradually deposited and thickens;
thus, the pressure is not instantly applied but gradual. Based on the formation process of
seepage soils, above studies have investigated the relationships between upper-layer pressure
and the permeability coefficient from qualitative and experimental perspectives. Therefore,
the objective of this paper is to quantitatively evaluate the physical processes and physical
meanings involved in these soil interactions. Namely, the relationship between the pressure
of soil particles and the soil permeability coefficient is the focus of this paper.

1 Soil Particle Penetration Model

Many particles are connected together and the pores between particles are permeable, which
is the fact. Soils contain many soil sections (soil blocks) that include small soil particles
(as shown in Fig. 1). According to Fig. 1, a larger particle can consist of many smaller
particles. Further, the smaller particle can consist of smaller, smaller particles, and so on (as
some serious illustrations show in Fig. 1). According this process, the smallest particle is not
permeable.

At some point, the smallest particles can no longer be divided into a smaller size group.
These smallest particles are calledmeta-particles (original particles). This paper assumes that
themeta-particles are impermeable, but the pores between thesemeta-particles are permeable,
and the permeability of the soil is influenced by these pores. But according this process, it is
very difficult to find the smallest particle. According the common rule, when the difference
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DSF=29.74% 
Porosity Soil particles 

DSF=22.67% DSF=15.42% 

DSF=7.16% DSF=2.78 DSF=1.97% 

Fig. 1 Soils composed of particles of different sizes. DSF = (Fact area − Simulation area) × 100%/Fact area

between the simulation area and the area is < 5%, the simulation method is acceptable. So
the difference is < 5%, the hypothesis is acceptable.

According to the assumption that the pores between the particles are permeable and the
particles are impermeable. Thewater flow is in pores between the particles. Theflowequations
are Navier–Stokes equations. Navier–Stokes equations for incompressible flows are

ρw
∂U

∂t
+ ρwU · ∇U � −∇Pw + ∇ ·

(
μ

(
∇U + (∇U )T

))

ρ∇ ·U�0

where ρw is the water density (SI unit: kg/m3); U is the velocity vector (SI unit: m/s); Pw is
the water pressure (SI unit: Pa); μ is the dynamic viscosity (SI unit: Pa s); t is the time (SI
unit: s).

Soils are composed of a large number of soil particles. Many soil particles have only
one contact point with each other (Barreto and O’Sullivan 2012). This can be called contact
bonding. In addition, some of the earth particles overlap, that is, there are multiple contact
points which is called parallel bonding. The difference between the parallel bonding and
the contact bonding is the distance between the two most recent contact points (as shown in
Fig. 2a). When the distance is 0, it is the contact bonding, while when the distance is < 0, it is
parallel bonding. The contact bonding is a special case of the parallel bonding. The parallel
bond is similar to the physical behavior of the cement—like substance between particles,
which is located between two bonded particles and connects the two bonding. The parallel
bonds create an elastic interaction between these particles. The parallel bond can transfer the
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Fig. 2 Parallel bond model of soil particles. a Particles bonding. b soils established by particles by parallel
bonding

force and moment between the particles, but contact bonds can only transfer the force on the
contact point. This paper takes a parallel bonding shown in Fig. 2.

These small particles continue to accumulate and concentrate due to the upper pressure.
Some small particles can become connected. Thus, with increasing depth and pressure, the
pore space and permeability of the soil gradually decrease.

In this paper, a particle penetration model is established to study the variability in the
permeability coefficient with depth. The model of soil particle penetration under the upper
pressure is established.

Theprocess of the establishment has two steps: (step 1) establish particle soils, for example,
the sample is x ∈ [0, 10 mm], y ∈ [0, 10 mm]; apply upper solid pressure, the pressure is
equal to the upper soils weight. The particle is pressed. The height of sample decreases
after pressing. Then pick up the new position of every particle. (step 2) establish the new
particle soil from step 1 new position of particles, then simulate water flow. Then obtain
the velocity and export total discharge. The average velocity can be obtained according the
export total discharge. According to the Darcy law format and the average velocity, obtain the
permeability coefficient. In these two steps, the upper pressure and depth have the connection
with the permeability coefficient.

The soils in some certain depth are pressed by the upper soils pressure. The upper soils
pressure is P = ρgh, where ρ is the density of the particles, g is gravitational acceleration, h
is the particle soil depth. The deeper the depth of the soil is, the greater the upper pressure P
(as shown in Fig. 3). The particles are gradually condensed and concentrated, and the pores
between the particles are gradually reduced. The soils in h miters are pressed by upper h
meters soils weight. In order to simulate the upper pressure, the soil sample, width = 10 mm,
height = 10mm, is chosen to be pressed, as shown in Fig. 3. Figure 3 establishes the horizontal
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Fig. 3 Pressing of particulate
soil. Step 1 in the model of soil
particle penetration. Where P is
the upper pressure of soils; ρ is
the density of the particles; g is
gravitational acceleration; h is the
soils depth; The part shaded in
red, x ∈ [0, 10 mm] and y ∈ [0,
5 mm], is chosen to carry out the
permeability test after soils
pressed

10

100 X

Y

5

P

P= gh
Depth=h

and vertical axes, which are X and Y coordinate axis in order to introduce more clearly. The
part shaded in red, x ∈ [0, 10 mm], y ∈ [0, 5 mm], is chosen to carry out the permeability test
after soils are pressed by h meters soils weight. The h meters soils weight is ρgh, that is P.

The elastic modulus and Poisson’s ratio can then be obtained. The forces Fx and Fy are
applied in both directions, and the stress is given by σ x and σ y. The strain formulas are
presented in Eqs. (1) and (2):

εx � 1

E

(
σx − υσy

)
(1)

εy � 1

E

(
σy − υσx

)
(2)

These equations form the plane strain problem, namely, εx = 0; therefore, σ x = υσ y and
σ x + �σ x = υ(σ y + �σ y) satisfy Eq. (3):

�σx � υ�σy (3)

when a small force�Fy is applied, the corresponding�Fx and�y can be determined. Then,
εy = �y/y is obtained. Additionally, the Poisson’s ratio υ and elastic modulus of E can be
obtained according to Eqs. (1), (2) and (3), where σ x = Fx/y, σ y = Fy/x, �σ x = �(Fx/y), and
�σ y = �(Fy/x).

Where Fx , Fy are the force applied on the sample in x- and y-direction; �Fy, �Fy are
the force increment, when the soil are stable under the force Fx and Fy; σ x and σ y are the
stress on the sample in x- and y-direction; εy and εy are the strain on the sample in x- and
y-direction; υ is the Poisson’s ratio; E is the elastic modulus; x, y are the sample width and
height after pressing under force.

After determining the radii of particles at a certain depth h and pressure P (such as the red
region in Fig. 3), the soil particle class can be established (Fig. 4a, b).

The particles are impermeable, and the pores between the particles are permeable. The
model is two dimensional simulation, and the pore between particles are not connected. But
the seepage occurs in three dimension simulation in fact. So the particle radius needs to be
reduced by a coefficient reduction. In this way, it is possible to penetrate in two dimensional
state. Of course, the coefficient needs a more rigorous choice in practices. In this paper, 0.6
is chosen. So the water flow in the pore between the particles. The pore, not particles, is
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a b

c d

Fig. 4 Calculation of particulate soil penetration. a Calculated sample, which is the red part in Fig. 3; b finite
element; c pressure of the flow from the top to the bottom; d pressure of the flow from the left to the right.
The black narrow arrows are the flow directions. b–d The black frame region in a. The legend unit is Pa. The
part shaded in red in Fig. 3 is the a. Step 2 in the model of soil particle penetration

meshed by the finite element meshing to simulate the eater flow. The finite element meshing
is performed using the established pores (shown in Fig. 4b). The triangular elements are
chosen, as show in Fig. 4b. Five kinds of mesh accuracy are chosen, and the ratios between
the element size and calculated region width are (A) 4.08 × 10−3–2.04 × 10−1, (B) 6.12 ×
10−4–1.37 × 10−1, (C) 6.12 × 10−4–1.08 × 10−1, (D) 2.56 × 10−4–7.54 × 10−2 and (E)
1.53 × 10−4–4.08 × 10−2. The max error for the last permeability coefficient less than 1%.
So the result of choosing mesh accuracy (B) is acceptable. The mesh accuracy (B) model
scale of the element size is from 3.06 × 10−6 m to 6.83 × 10−4 m. The total quality of
elements is 390,251.

The overall permeability of soils is associated with two directions. By applying a larger
water pressure�Ptb at the upper boundary of the soil compared to that at the bottomboundary,
infiltration occurs from top to bottom (shown in Fig. 4c). Additionally, by applying a larger
water pressure �Plr to the left boundary of the soil than to the right boundary, infiltration
occurs from left to right (shown in Fig. 4d).

From Fig. 4, there are more sophisticated grid near the particle turning point in Fig. 4b.
Figure 4c, d shows that the pressure is distributed along the flow direction from the height
pressure to the low pressure. Particles block the water flow. After water flow runs through the
little pores between particles, the water pressure changes little in a bigger pores. This shows
that the particles are the main obstacles for the water flow.

The permeability coefficient of the entire soil obtained according to this research model is
called the generalized permeability coefficient K . The generalized permeability coefficient
is divided into two directions, and the associated formulas are given in Eqs. (4) and (5).

Kx � ρwg

�Plr

Llr

Ltb

∫
vrxdy (4)
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Fig. 5 Particle gradation curve

Ky � ρwg

�Ptb

Ltb

Llr

∫
vbydx (5)

where Kx and Ky are the generalized permeability coefficients in the x- and y-directions,
respectively; ρw is the water density; g is gravitational acceleration; Llr is the length and
distance from the left boundary to the right boundary of the particle soil sample in Figs. 3
and 4a; Ltb is the length and distance from the top boundary to the bottom boundary of the
particle soil sample in Figs. 3 and 4a; �Plr is the water pressure difference between the left
and right boundaries of the soil when the infiltration direction is from the left to the right;
�Ptb is the water pressure difference between the top and bottom boundaries of the soil when
the infiltration direction is from the top to the bottom; vrx is the x-direction velocity on the
right exit boundary, shown by the black arrow direction in Fig. 4d;

∫
vrxdy is the overall flow

velocity in the x-direction,
∫
vrxdy/Ltb is the average velocity in the x-direction on the right

boundary; and vby is the y-direction velocity on the bottom exit boundary, shown by the black
arrow direction in Fig. 4c;

∫
vbydx is the overall flow velocity in the y-direction;

∫
vbydx/Llr

is the average velocity in the y-direction on the bottom boundary.

2 Example

Here, an example is presented to illustrate the calculation and analysis process. The particle
quantity is 4000, the radius is R ∈ [0.05007343, 0.12498922] and the unit is mm. The random
particle soils are established in the range of x ∈ [0, 10], y ∈ [0, 10]. The density of the particles
is ρ = 2000 kg/m3, and the normal stiffness of particles is 106 Pa/m. These parameters are
used to establish the parallel bond model of the soil. After upper compression, the soils in x ∈
[0, 10], y ∈ [0, 5] are chosen to calculate the permeability coefficient. Four thousand particles
are used to perform the particle analysis, and d10 is 0.1493 mm. The particle gradation curve
is shown in Fig. 5.

pb_rad is the radius multiplier, such that parallel bond radius equals pb_rad multiplied
by the minimum radius of the two contacting particles. pb_kn is the normal stiffness =
1e8 Pa/m; pb_ks is the shear stiffness = 1e8 Pa/m; pb_nstrength is the normal strength =
1e10 Pa; pb_sstrength is the shear strength = 1e10 Pa; and g is gravitational acceleration =
9.81 m/s2.

The calculated results are shown in Fig. 6. Figure 6 illustrates the water pressure at the
burial depth of 80m, withPl = 10,000 Pa at the left boundary andPr = 0 at the right boundary.
In Fig. 6, the pressure gradually decreases from left to right, and water moves in the porous
medium.
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Fig. 6 Water pressure and velocity distribution in the soil at a depth of 80 m. a The water pressure distribution
in the soil (Pa); b the velocity distribution in the soil (m/s). The top boundary and bottom boundary are the
wall boundary. The left boundary is the inlet, on which boundary the pressure is 104 Pa. The right boundary
is the outlet, on which boundary the pressure is 0 Pa

After pressing separately by the upper 0, 20, 80 and 100 m depth solid pressure, the pore
between particles decreases.

The gray images of the porosity distribution at different depths are shown in Fig. 7. The
sample is divided into 200 pieces of 0.5 mm × 0.5 mm small rectangular grid. In every
rectangle, the pore area is calculated. The porosity is equal to the ratio between the pore area
and grid area 0.5 mm × 0.5 mm.

The height of the sample is monitored during compressing. According to Eqs. (1), (2) and
(3), Poisson’s ratio and the elastic modulus can be calculated. The soils in x ∈ [0, 10 mm], y ∈
[0, 5 mm] are chosen from the compressed soils to calculate the actual porosity. Additionally,
the seepage coefficient of the soil in horizontal direction is calculated, and the results are
shown in Table 1.

Hd is the burial depth (m); P is the upper pressure of soils (Pa); ρ is the density of the
particles, ρ = 2000 kg/m3; g is gravitational acceleration = 9.81 m/s2; h is the particles depth;
error(%) is abs(ρgh − P) × 100%/(ρgh), abs is the absolute value; Ef is the ratio between
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Fig. 7 Gray images of the porosity distribution at different depths. The units of the X and Y axes are mm. a–d
The gray images at depths of 0, 20, 80 and 100 m, respectively

the vertical force and the horizontal force; H2 is the sample height (mm) after compression;
S is the total area of particles (mm2); υ is Poisson’s ratio and it is obtained from Eqs. (1),
(2) and (3); E is the elastic modulus (pa) and it is obtained from Eqs. (1), (2) and (3); n
is the porosity, n = e/(1 + e), e is the porosity ratio;

∫
vrxdy is the overall flow velocity in

the x-direction (10−2 m2/s), and it can be obtained from Fig. 6b; and K is the permeability
coefficient in the horizontal direction (cm/s, or 10−2 m/s), and it is obtained from Eq. (4).

There are some errors between the P/pa and ρgh. In the process of pressing the particles
under the upper pressure, particles force in fact is not absolutely equal to the requirement
force, because the soils composite of particles are heterogeneous soils. The force between
particles has some small fluctuation. From the pressure error in Table 1, the last pressure
(P/pa) is acceptable.

3 Discussion and Analysis

In Fig. 7: (a) the porosities of a–d are different. Specifically, different locations have different
porosities, and these porosities exhibit considerable randomness because the particles of
composite soils exhibit overlap, occlusion and contact. (b) The gray images of a–d darken and
the porosity gradually decreases as pressure and depth increase. (c) At the same position but
different depths, the gray color nearly changes to black. Additionally, porosity is negatively
correlated with depth.

The formula of the Terzaghi permeability coefficient is as follows:

K � 2d210e
2 � 2d210

(
n

1 − n

)2

(6)
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Fig. 8 The relationship between
the permeability coefficient and
depth based on different formulas

where d10 is the particle size corresponding to 10% of the particle size distribution curve
(mm) and e is the porosity ratio. The unit of K is cm/s.

The formula of the Darcy permeability coefficient is as follows:

K � βγwz

λη

e2

1 + e
d2 (7)

where d is the particle diameter (cm); β is the spherical particle coefficient, which is π /6
when the particle is a sphere; λ is the influence coefficient of adjacent particles, which is 3π
when the particle is infinitely adjacent to water; γ wz is the density of free water (kN/m3); η
is the viscosity coefficient of water (Pa s); and e is the porosity ratio. The unit of K is cm/s.

Equation (7) can be used in soils composite of sand soils that is called coarse-grained
soils. The coarse-grained soils which of the particles larger than 0.1 mm is accounted for
the majority that is > 50%. From Fig. 5, the percent of the particles larger than 0.1 mm
is 98% > 50%. It is concluded through a large number of experiments. This equation is
widely used in hydraulic engineering, geotechnical engineering and groundwater engineer-
ing. Macroscopically, this kind of sols is homogeneous soil. Microscopically, this kind of
sols is heterogeneous soil. Equation (7) can be used in this kind of soils in this research.

In the example, d10 = 0.1493 mm, d = 0.01493 cm, η = 0.001 Pa s, and γ wz = 9.81 kN/m3.
From Eqs. (6) and (7) and the porosity ratio in Table 1, the permeability coefficient in the
horizontal direction can be calculated, as shown in Fig. 8.

Equations (6) and (7) are equations of the porosity and permeability coefficient based on
field sampling and laboratory experiments. The applicable materials include non-cohesive
soil particles and sand particles. When the porosity is large, large pores exist between par-
ticles. The flow in these pores may reach a turbulent state, causing the flow velocity to
greatly increase. However, the flow velocity decreases rapidly when the porosity decreases.
Therefore, the ratio of the porosity to the permeability coefficients varies considerably in
space.

And from the result, the Re of the element is calculated. The max Re is about 348 about in
(5.08, 1.20 mm). The max Re = 348 is less than 2300, so the flow can be treated as Laminar
Flow (Brackbill et al. 2006). Thus, no turbulence is present, and the flow velocity is relatively
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stable. In this paper, in spite of the flow is Laminar Flow, the porosity is treated as the Darcy
flow [as shown in Eqs. (4) and (5)] to obtain the permeability coefficient.

Table 1 shows that the porosity of the soil decreases graduallywith increasing depth. Addi-
tionally, the results illustrated in Fig. 8 show that the permeability coefficient decreases with
increasing depth, and the three curves are similar. This result suggests that the computational
process and the model of soil particle penetration are reliable.

In Fig. 8, the curves of Eqs. (6) and (7) are steeper than that of the model. In addition,
the curve of this research intersects the other two curves of Eqs. (6) and (7), and as depth
increases, the curves of Eqs. (6) and (7) gradually separate.

The following is the explanation of the associated physical mechanism. By substituting e
= n/(1 − n) into Eq. (7), the following expression can be obtained.

K � βγwz

λη

n2

1 − n
d2 (8)

From Eqs. (6) and (8), as the depth increases, n decreases and increases gradually; thus,
the results of Eqs. (6) and (7) gradually separate, where K6 and K7 are the results of Eqs. (6)
and (7), respectively.

In the process of the granular soil compression, the particles are connected by parallel
bonding. The normal strength and shear strength in this paper are 1010 Pa. This strength is
relatively large. Under the applied upper pressure, the particle connections are not easy to
break; therefore, the porosity remains high, and the slope of the model curve is moderate.

The porosity and permeability coefficient calculated using Eqs. (6) and (7) are based on
laboratory results and field sampling. These equations apply to non-cohesive soil particles
and sands. When the porosity is large, large pores exist between soil particles. The flow
volume along the central axis of a pore is higher than that in the rest of the pore, resulting
in a larger seepage velocity. By contrast, when the porosity decreases, the seepage velocity
decreases. This is not the case for the model proposed in this paper. Therefore, at shallow
depths, the permeability coefficient of the model is smaller than those obtained based on
Eqs. (6) and (7). However, at deeper locations in the soil, the permeability coefficient of the
model is larger than those of Eqs. (6) and (7).

Figure 9 illustrates that the permeability coefficient decreases with increasing depth
(Maftei and Barbulescu 2006; Saar and Manga 2004). Additionally, the elastic modulus
and Poisson’s ratio increase with increasing depth, and the elastic modulus increases at a
faster rate than does Poisson’s ratio.

The following is the explanation of the associated physicalmechanism.As depth increases,
the pores between the particles gradually decrease in size, and the contact area and number
of particles increase. When the same external force is applied, the deformation is smaller;
therefore, the elastic modulus is larger. For a constant compression of soil particles, the
compactness increases.When subjected to the same vertical deformation, lateral deformation
increases, which causes Poisson’s ratio to increase.

4 Conclusions

In this study, the macroscopic permeability coefficient of soils is successfully determined
using amodel of soil particle penetration. Thismethodovercomes the limitations of traditional
methods and provides a useful approach to obtaining the permeability coefficient.

The pressure calculation of particle flow is combined with a finite element calculation
of seepage in the medium. The results show that the soil porosity and the permeability
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Fig. 9 The elastic modulus, Poisson’s ratio and permeability coefficient at different depths

coefficient decrease when pressure is applied to the upper boundary of the soil. Additionally,
the permeability coefficient decreases with increasing soil depth, which is consistent with the
results from the literature (Maftei and Barbulescu 2006; Saar and Manga 2004). Moreover,
the elastic modulus and Poisson’s ratio gradually increase with depth, and the associated the
mechanism is discussed.

In addition, a given geometric properties (such as the particle radius, the particle position,
the porosity and the particle quantity) different realization of geometry could be obtained
numerically. The permeability of each of those realizations is perhaps different. This research
does not fully consider this. Future researchers can continue to study this phenomenon and
its laws.
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